5 Techniques for prediction of subsidence, by German
Figueroa Vega, Soki Yamamoto, and Working Group
(Section 5.3.6 by Donald C. Helm)

It is very inportant to predict the ampbunt of subsidence and to estinmate the subsidence rate in
the near future. There are many nethods for predicting the amount of |and subsidence due to the
overdraft of fluids from aquifers. Sone nethods are sinple and others are conplex. It is
preferable to use several nethods whenever possible and to reach a conclusion based on the
overal | judgment.

Both adequate and accurate data are required to obtain useful results, although these
depend on the purpose, tinme length of the forecast, and cost. The nethods used may be
classified into the follow ng categories: (1) Enpirical nethods; (2) sem-theoretica
approach; (3) theoretical approach

5.1 EMPI Rl CAL METHODS

This is the nethod of extrapolating available data to derive the future trend. It is a tinme
series nodel. The anpunt of subsidence, the anmount of conpaction, and sonetinmes tidal height
near the sea coast, are available to plot against tine. In this nethod, the amobunt of subsidence
is considered a function of tinme, ignoring causality of |and subsidence

5.1.1 Extrapol ati on of data by naked eye

No explanation of this procedure is needed except that a smooth curve with a natural trend
shoul d be obt ai ned

5.1.2 Application of sonme suitable curve: Nonlinear extrapol ation

1. Fitting of quadratic function (Figure 5.1):
The following function is used and the | east squares nethod is applied:

s =ax?2 + bx +c, or s =ax + b, (5.1)

wher e
s subsi dence anount,
X tinme, and
a, b, and c are constants.
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Figure 5.1 Fitting of quadratic curve (bench mark no. 2179, N igata).
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2. Fitting of exponential or

b

s = ax”, log s =log a + b log x, or(5.2)
s = aeP,
wher e

s ampbunt of subsi dence,

time, and
a and b are constants.

Many data correlating
through 5.7 are four exanples of such correl ations.
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Figure 5.5 The relation between water-level declines and |and-surface subsidence in the
Houston area, Texas (Gabrysch, 1969).
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Figure 5.6 Correl ati on between subsidence and change in artesian head near center of subsidence
west of Fresno, California (Lofgren, 1969).
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5.2 SEM - THEORETI CAL APPROACH

This method utilizes the relation between subsidence and related phenonena. Al though the
relation is not strictly theoretical but rather an apparent one, still it can be used to
estimte future trend.

5.2.1 Wadachi’'s (1939) nodel

Wadachi (1940) pointed out that the rate of subsidence, not the amount of subsidence itself, is
proportional to the water-Ilevel change (Figure 5.8) and proposed the follow ng equation:

H
& = k(py-p) (5.3)
wher e
dH _ of subsi dence,
dt
po = reference water |evel,
p = water level, and
k = a constant

This suggests that there exists a reference water level. That is to say, if the water level p
recovers to the reference water |evel pg, no subsidence occurs. But according to Yamaguchi’s recent

study (1969) there is no such reference water | evel. In place of Wadachi’s equation, he proposed the
foll owi ng one:
ds U dpd
== = ks -p)t —= xp{-k -p)t}, 5.4
ai CEKDO Pt -5 %e pP{—+k(pg—p)t} (5.4)
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Figure 5.8 Relation between water |evel and rate of subsi dence.
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wher e

g_ES: rate of subsidence,

sc= final subsidence anount,
Po= initial water |evel,
p = water |evel,
k= constant, and
t=tine.
On solving this equation, the quantities

_ ds O _py —dpH - ]
Y—Iog{dt/%(po p)t th]J and x = (pg - p)
are plotted on the respective axes as in Figures 5.9a and 5.9b and sc can be obtai ned.

5.2.2 Rati o of subsidence volune to liquid wthdrawal

According to Yamanoto (personal conmunication), the relation between |iquid production and
subsidence in the Nigata gas field (case history 9.7) has been expressed by the follow ng
equations, with fair results:

s =aQ+ b, or s =a.J/Q+h, (5.5)
wher e

s = subsi dence,

Q = anpbunt of liquid production, and

a and b are constants.

Castle, Yerkes, and Riley (1969) stated that direct conparisons between the various

measures of liquid production and subsidence in six oil fields showed a close relation.
Correl ation between production and subsidence has varied approximately linearly with net

production (Figure 5.10).
The following relation has al so been established but not yet published (Yamanoto, personal

conmuni cati on):

s = dm (5.6)

wher e

s = subsidence,

m, =coefficient of volume conpressibility, and

C =AH AQ where AH and AQ are the change of bench-mark el evati on and the anount of

producti on per unit area, respectively.
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Fi gure 5.10 Cunul ative oil, gross-liquid, and net-liquid production fromthe Huntington Beach
oil field plotted agai nst subsidence at bench nmarks |ocated (A) near the center
of subsidence and (B) mdway up the southeast |inb of the subsidence bow.
Prepared from production statistics of the California Division of Gl and Gas and
el evation data of the U S. Coast and Geodetic Survey and the Orange County Office
of County Surveyor and Road Conmissioner. Easily related el evati on nmeasurenents

have been available only since 1933; estimtes of subsidence since 1920 shown by
dashed lines (Castle, Yerkes, and Riley, 1969).

In one region in Japan, the change of the conputed |eakage rate, L, plotted against the
neasured volunetric |and-subsidence rate, Vs, showed a close correlation (Figure 5.11).

On the Shiroishi Plain, Kyushu, Japan, Shibasaki et al (1969) proposed the follow ng sinple
relationship for the data in the three-year period 1963 to 1966

Vg = 0.27 L + 0.25, (5.7)

where each unit is expressed in 10%n?/no (cubic netres per nonth) (Figure 5.12).

fon?ﬁnaﬂh
2

Figure 5.11 Changes of |eakage rate, L, and volunetric |and subsidence rate, Vg, both in '/
nont h, over Shiroishi basin (Shibasaki, Kanmata, and Shi ndo, 1960).
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Fi gure 5.12 Sinple relationship between |eakage rate and volunetric subsidence rate over
Shiroshi basin (Shibasaki, et al., 1969).

Al though Castle, Yerkes, and Riley (1969) found that subsidence in six oil fields varied
approximately linearly with net liquid production, the correlation between reservoir-pressure
decline and subsi dence was poor. Their explanation for this is as foll ows:

"The general theory advanced in explanation of reservoir conpaction and resultant oil-
field subsidence (Glluly and Grant, 1949) is, in its broad outlines, beyond chall enge
Thus Terzaghi’'s principle, which relates increased effective stress directly to fluid
pressure decline, probably is validly applied to the nultifluid-phase system Yet in
seeming opposition to this generalization, nmeasured reservoir pressure decline within
the Vickers zone was disproportionately high with respect to surface subsidence during
the early production years (Figure 2a and d); a simlar situation is believed to have
prevailed in the Wlmngton field (City of Long Beach, 1967, unpublished data). \Watever
the rel ationship, then, between nmeasured reservoir pressure decline and conpaction, the
two are certainly not directly proportional

"The nost likely explanation for the poor correlation between reservoir-pressure
decline and subsidence (or conpaction) is that pressure decline as neasured at
i ndi vidual producing wells is generally non-representative of the average or systenic
decline over the field as a whole. Thus in examining this problem in the WI m ngton
field, MIler and Sonerton (1955, p. 70) observed that ’'reductions in average pressure
in the reservoir are virtually inpossible to determne with a satisfactory degree of
accuracy.’ This deduction, coupled with the observed linearity between net-liquid
production and subsi dence, suggests that the liquid production may constitute a better
index of average reservoir-pressure decline than that obtained through down-hole
neasurenents. "

Figures 5.13, 5.14, and 5.15 present additional exanmples illustrating the relation between
fluid withdrawal and subsidence. Figure 5.13 shows the relation between |and subsidence in mi
year and annual discharge in 106n8/year on the Shiroishi Plain in Japan (From Kunmai, et al.,
19623. Figure 5.14 illustrates the stress-strain relation obtained by plotting discharge in
103/ nont h agai nst | and subsidence in mmnonth in Osaka, Japan, for the five years 1954-1958
Figure 5.15 shows the consistent relationship between the cunul ative vol unes of subsidence and
ground-wat er punpage in the Los Banos-Kettleman City area, California, from 1926 to 1968. The
vol une of subsidence was equal to one-third the volume of punpage consistently through the
42-year peri od.

5.2.3 Rati o of subsidence to head decline

The subsi dence/ head-decline ratio is the ratio between | and subsidence and the head decline in
t he coarse-grai ned perneabl e beds of the conpacting aquifer system for a common tine interval
It represents the change in thickness per unit change in effective stress (Ab/Ap’). This ratio
is useful for predicting a lower limt for the nmagnitude of subsidence in response to a step
increase in virgin stress (stress exceeding past maximun). |f pore pressures in the conpacting
aquitards reach equilibrium with those in adjacent aquifers, then conpaction stops and the
subsi dence/ head-decline ratio is a true neasure of the virgin conpressibility of the system
Until or unless equilibrium of pore pressures is attained, the ratio of subsidence to head
decline is a transient val ue.
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Figure 5.13 Sinple relationship between annual |and subsidence and corresponding discharge
(Kumai, et al., 1969).
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Fi gure 5. 14 Correl ati on between subsi dence and di scharge of ground water (Editorial Committee
for Land Subsidence in Osaka, 1969).
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Fi gure 5.15 Cunul ative volunmes of subsidence and punpage, Los Banos-Kettleman City area,
California. Points on subsidence curve indicate times of leveling control (from
Pol and, et al., 1975).

Subsi dence/ head-decline ratios can be derived at a point if the water-level change for the
conpacti ng systemand the periodic surveys of the el evation of a nearby bench mark are avail abl e
for a common tinme period. For exanple, Figure 5.5 illustrates the subsidence and head-decline
records for a pair of bench marks and nearby wells in Houston, Texas. At plotting scales of 1
(subsi dence) to 100 (water level), the plots are roughly coincident. The indicated subsidence/
head-decline ratio is approxi mately 1/100.

Figure 5.6 is another exanple of close correlation between subsidence and head decline. The
i ntensive punping of ground water for nore than two decades caused an artesian-head decline of
about 300 ft (90m), producing a subsidence of about 18 ft (5.5 m). The indicated subsidence/
head-decline ratio is 1/16 (Lofgren, 1969). Although the ordinate scales in figures 5.5 and 5.6
are in feet, the ratio is dinmensionless and hence would be identical in the nmetric system

From t he subsi dence and head-decline record for Figure 5.7, Hwang and Wi (1969) derived a
subsi dence/ head-decline ratio of 1/27 for the period 1962-67. Note, however, that although the
nmean annual mininum water-level trend is approximately a straight line, the rate of subsidence
accel erated sharply in 1967. Hence, a ratio derived from the subsidence rate and water-|evel
change in 1967 woul d be much |arger, roughly about 1/12

For all three of the exanples discussed (Figures 5.5-5.7) it should be enphasized that the
ratios are reliable only if the water |evels are representative of the average artesian head in
the aquifers (coarse-grai ned beds) of the compacting system

If maps of subsidence and head decline are available for a comon period of time during
whi ch both subsi dence and head decline continued without interruption, the ratio of subsidence
to head decline can be plotted on a map as lines of equal ratio. Figure 5.16 is such a ratio
nﬁg, plotted from maps showi ng subsi dence and head decline from 1943 to 1959 in an area of 4000
knf on the west side of the San Joaquin Valley, California (after Bull and Pol and, 1975, Figure
32). The ratios on this map range from0.08 to 0.01, indicating that the head decline required
to produce 1 mof subsidence has ranged from12 to 100 m depending on the location. In addition
to their use in prediction, the ratios in Figure 5. 16 represent a minimum val ue of the storage
coefficient conponent for virgin conpaction of the aquifer-system skel eton
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Fi gure 5. 17 Rel ati on between per cent clay and subsidence due to pressure decline (Gbrysch
1969) .

5.2.4 Clay content-subsidence relation

Figure 5.17 shows the general relationship in the Houston-Gal veston area, Texas, between
the percentage of clay beds and the subsi dence head-decline ratio. According to Gabrysch (1969),
the percentage of clay beds was determ ned frominterpretation of electrical |ogs; the pressure-
head decline was determined from neasured water levels in wells; and subsidence values were
taken from changes in nearby bench-mark el evations.

5.3 THEORETI CAL APPROACH

5.3.1 Ceneral remarks

Regi onal subsidence due to ground-water extraction is a conplex phenonenon which may be
roughly "felt" in an intuitive fashion very difficult to explain quantitatively, due to the
conplexities of the materials involved.

Basically, the extraction of ground water reduces the interstitial water pressure (neutra
pressure) which, according to the well-known "effective-pressure principle" of Terzaghi, neans
a transference of load to the soil skeleton (effective pressure) and its subsequent vol une
reduction (i.e., surface subsidence).

From a qualitative standpoint there is no "nystery" at all. However, in trying to explain the
phenonenon both qualitatively and quantitatively, a series of unsuspected problens arise originating
mai nly fromthe el usive nmechanical properties of soils

Soils are conplex multiple-phase systens constituted by solids, |iquids, gases, and other
substances |ike organic matter, ions, etc., which form from a mechanical standpoint, a highly
hyperstatic system whose properties nmust be inferred, at best, through statistical averages or
"representative" tests.

As a result, soils incorporate into their nechanical properties all the behavioral aspects

of their conponents, i.e. elasticity and plasticity of solids; viscosity of [|iquids;
conpressibility of gases; decay properties of organic matter; attraction and repul sion of ionic
charges, etc., in a nuch nore invol ved fashion

This type of material has non-linear elastic, plastic, and viscous properties whose
mechani cal paraneters are anisotropic and are history-, stress-, and time-dependent.

Such material is very difficult--if not inpossible--to handle in any kind of a theoretica
nodel of subsidence and this explains why the different approaches described in the scientific
literature for that purpose, resort to many sinplifications and idealizations in order to obtain
sone kind of a nodel that allows a nmore or less correct interpretation of past events,
prediction of future ones, and decisions to be nade about them The questions are: Wat to
sinplify? How to idealize soils?
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Unfortunately, there is no general rule, because the dom nant feature in one case may be
negligible in another and therefore, judgnment and expertise nust be exercised for best results.
As general information, the nore common sinplifications regarding soil properties are listed
here:

No organic matter present;

Only two phases present (solid-liquid);

No vi scous properties;

No pl astic properties;

Newt oni an behavi or of |iquid phase;

No ani sotropy;

Li near el astic properties of soil structure;

Constant paraneters or, at |least, one set for virgin conpression and another for
expansi on and reconpressi on.

WNoOhwN =

Additionally, other sinplifications regarding the system of aquifers and aquitards may be
i ntroduced, such as

9. Hori zontal strata

10. Horizontal flowin aquifers and vertical flow in aquitards;
11. Subsidence due nainly to aquitard consolidation

12. No free surface of flowin the aquifers.

and so on.

As mi ght be expected, the larger the nunber of sinplifications nade, the nore restricted
the nature of the resultant nodel and the nore specific its applicability.

However, it should be remenbered that, in practice, sinplifications nust be made according
to the nature and volunme of the available information and that the best way of nodeling a given
case may be to begin with the sinpler nodels first, advancing later to the nore involved ones,
up to the highest level justified by the existing data.

In the remai nder of this chapter an insight will be given on the details of several types of
subsi dence nodel s (Fi gueroa Vega, 1973, 1977).

5.3.2 Conpressibility relationships and total potential subsidence

The traditional |aboratory test enployed to disclose the conpressibility relationships of soils
is the consolidation test (odoneter test) devel oped by Karl Terzaghi. The test is discussed in
Chapter 4.

In this test, soils exhibit a nmore or less linear relationship between e (void ratio) and
log p'/pg ,effective intergranul ar pressure) of the type

e =e,—-C Iog-E:, (5.8)
0 ~C '
Po

(a slightly nodified form of equation 4.14 shown in Chapter 4), where Cc is the "conpression
i ndex" and eo and polare initial reference values. This relationship is valid for increasing
val ues greater than the maxi mum intergranul ar pressure the soil has supported in the past (pol,

preconsol idation pressure). For discharge or recharge at pressures lower than the
preconsolidation pressure (i.e.: within preconsolidation range) the relationship is sinmlar,
with a lower Cc value (Cc), which neans that only part of the total deformation of a soil is
recoverabl e and al so that the conpressibility paraneters of a soil are history dependent.

In the soil nmechanics field, it is customary to define the "coefficient of volune

conmpressibility," m, as

m, = Jdp o v (5.9)

where a, stands for the coefficient of conpressibility, such that, within a small increnment of
pressure, the total settlement of a columm of soil of thickness, Hy nay be conputed as

AH = m, Ap’ Hy. (5.10)
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As may be noted in equation (5.9), m, is stress dependent and therefore its val ue nust be
estimated for the proper ey and Ap’ values. Oherw se, equation (5-10) may lead to serious
errors.

Equation (5.10) may be applied directly--as in the soil nechanics field--as a first approx-
i mation, whenever the strata thickness sequence is known (Hy;, Hpp, - . . ., Hy) as well as the
corresponding neutral pressure reductions due to water extraction (taken initially as the
effective pressure increments) and their estimated coefficients of volune conpressibility (m,,
My, ....,Mm;j). The total subsidence in this case would be approxinately

EﬁzjinbiAﬁ’Hoi. (5.11)
1

Wien all the involved strata remain saturated and the total relative shortening of the
colum is small, the foregoing calcul ations may be accepted as sufficiently good for practical
purposes. |In other cases, they nust be taken only as giving approxi mate values and subsequent
cal cul ati ons rmust be nmade utilizing these values to estimate the total initial and final col um
| oads at each level, the initial and final effective pressures (vertical pressure due to total
| oad) and applying again equation (5.11) and repeating the process iteratively, until final
results take account properly of both effects.

5.3.3 Differential equations of ground-water flow in an aquifer-aquitard system

Steady laminar flow of interstitial water within any portion of saturated soil obeys two basic
| aws--the nmass conservation | aw

div(yw) =0, (5.12)
where "div" stands for the divergence operator, "y'for density of water, "v" for flow velocity
vector, and Darcy’s Law

v = -K grad h, (5.13)

where K is the hydraulic conductivity of the soil and "h" the hydraulic head.
Conbi ning these laws into a single equation and neglecting the variability of yand K gives

2
|:]2h = Q___h
2

2 2
soh,dh_¢o (5. 14)
0X 0 0z

2
y

the well-known Laplace equation. Therefore, h must be an harnonic variable satisfying the
exi sting boundary conditions.

Equation (5.12) sinply states that the mass of water within the portion of saturated soil
remai ns constant. Wen the flowis unsteady, this does not hold anynore and sone water is stored
in or extracted froma specified elenmental volume of soil and equation (5.14) nust be nodified
accordingly, resulting in

2 oh
KO®h = S %', 5.15
S5t ( )

where "Sg" is the specific storage and a |inear conpressibility relationship is assumed both for
wat er and soil structureo.

In a honogeneous horizontal aquifer of constant thickness "b" wth horizontal flow,
equation (5.15) reduces to

o®n, o°h _ Ssah _ Soh _ 1on (5. 16)
27727 Kot T Tot  vat :
(14 ay
wher e
S=bSg T =bK and v = g (5.17)

102



Techniques for prediction of subsidence

are the storage coefficient, transmssivity and hydraulic diffusivity respectively. In a com
pressible aquitard with vertical flow, equation (5.15) reduces sinply to

2

0 h _ 10h

= = 3t (5.18)
0z

These equations may also be witten in terns of "s" (drawdown) instead of "h" (hydraulic head).

Equation (5.16) is the classical aquifer differential equation due to Theis (Theis, 1935)
and equation (5.18) is the classical consolidation equation due to Terzaghi (Terzaghi, 1923).
Bot h equati ons nust be solved subject to their proper initial and boundary conditions.

In a systemwith aquifer(s) and aquitard(s), the mathematical problemto solve is made up
of one equation of the type (5.16) for each aquifer including sone additional terns to take
account of vertical inflows or outflows, if any, and one equation of the type (5-18) for each
aquitard, plus the adequate initial and boundary conditions and additional conditions stating
equality of hydraulic heads in any plane of contact of any two of the existing aquifer(s) and
aquitard(s). This is referred to as a "quasi three-dinensional nodel." The final result is a
conpl ex coupled system which may be solved with the help of nunerical nethods (finite
differences or finite elements). The assunption of vertical flow in aquitards and horizonta
flowin aquifers is only justified when the perneability of the latter is much higher than that
of the forner (say tenfold or nore). O herwise, it is necessary to resort to a truly three
di rensi onal nodel, where all the second order partial derivatives are kept for all the strata.

The solution of the coupled system inplies advancing numerically and simultaneously the
solution for all the involved strata through each tinme increment, and this nay represent a | arge
nunber of cal cul ati ons which mght eventually overflow the working capability of the avail able
conputer. Models of this kind have been devel oped and published el sewhere (Carrillo, 1950
Ganbol ati, 1972).

An interesting alternative solution, for quasi three dinmensional nodels, as applied to the
Mexico City case (Figueroa V, 1973), is to depart froma coupled systemto reduce the problenis
conplexity via integrodifferential equations. This will be outlined in the next section

5.3. 4 Uncoupling the system and solving a sinpler problem

For a system made up of one aquifer underlain and overlain by consolidating aquitards, severa
mat hematical fornulations are possible in accordance with the upper and |ower boundary
conditions type (constant head or null flow). In any case, the mathematical fornulation is nmade
up, in terns of drawdowns, as expl ained before, by one equation of the type (5.16), including in
its left side two terns of the form

i 0
T o0z

Si (X! y! 0, t) (5 19)
to take account of vertical flow into the main aquifer, through the aquifer-aquitard common
boundaries, plus two equations of the type (5.18) also in ternms of drawdowns, plus the
corresponding initial and boundary conditions.

For all the resulting cases of this systemit has been shown (Herrera and Figueroa, 1969)
that the problemwas equivalent to

t

2 2
9s,0s, QS(X, y, B)G(t—B)aB = 19_5, (5.20)
2 2 ot v ot
ox~ oy~ “0
where the convol ution termincludes the vertical inflows to the aquifer, and
K K
10 20
t)=--"—A t)--=-—A t .21

in which (t) is the zero elevation at the aquifer-aquitard contacts and A and A, the basic
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solutions of classical consolidation theory corresponding to the particul ar boundary conditions
present in each case. Additionally, in general

qt)=-C- FK(t) (5.22)

where "C' is a constant depending on the systenis paraneters which incorporates the vertical
inflows com ng fromthe exterior boundaries of the systemin the cases of constant head boundary
conditions, and the function F (t) incorporates the vertical inflows released fromaquitards by
consol i dati on.

Equation (5.20) may be reduced to

2 2 t

0s,0s 0 10s

03492 c [ Ss(x, vy, B+ F(t —p)ap = 225 (5.29)
S

6x2 6y2 IOGB v ot

Furthernore, the integral term nay be approximated by

t
J’Oa%s(x, y, B)* F(t —B)3p= I%s(x, vy, t) (5. 24)

when 0s/(dB) has a slow variation, being

| = J’O F(B)oB, (5. 25)

a constant. Under these conditions, the problemfurther reduces to

0S. 0°S 0S
_____ 2_0 +_____§C: \.)1_.&2 (5. 26)
0x ay c
wher e
Cvct
SC = se (5.27)
and
v
v = . (5.28)
c
1+1 v
This is the "correspondence principle" (Herrera and Figueroa, 1969). It means that the

original coupled system is equivalent, under the already stated conditions, to an equival ent
confined aqui fer system
For the case of a single aquifer and a single aquitard, the applicable expressions are

00
2 2
‘1 1+2 ! 5. 29
Gt)=——t1+ S 1, .
()= -gp1+2 Y exp—— (5.29)
b
n= 1
S K
| = 2:c=-1,y =_3T_ (5. 30)
3T Tb, ¢ 38%S)

for the constant head external boundary condition and
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® 0 1f 0
2K, DBHZD""l 0
Gt) = —-= z EXP F---mmmmmmmemeeen t, (5.31)
Th, 0 b 2 O
n=0 O 1 O
S
1 T
Il =-=,C=0;v. = =+ i 32
= C OvC S+Sl (5.32)

for the zero gradient external boundary condition. In all these fornulas, the index 1 refers to
the aquitard

Both the integrodifferential equation and the correspondence principle have been applied to
the Mexico City case, with some additional considerations which will be nentioned later, with
reasonably good results. As a general coment, the applicability of the above-nmentioned
sinplifications of the correspondence principle is nuch greater than it seens, for the foll ow ng
reasons.

Apparently, the correspondence principle would be applicable whenever ds/0t "has a slow
variation" as stated before. However in the extreme case of constant drawdown the right part of
equation (5.24) equals zero for t # 0, which nmeans that there is no consolidation except at t =
0, where the subsidence cause is concentrated. So, the former condition should read "has a sl ow
vari ation everywhere."

It nust be noted that equation (5.24) sinply renoves the |ag-effects of the consolidation
process and therefore it may work only if the drawdown is gradual. The nore ds/ot departs from
a constant value the nore the results depart fromreality.

However, the consolidation process conpensates this situation sonmehow, because while at any
time increnent, the subsidence increnent includes some subsidence due to the preceding
drawdowns, also part of the subsidence due to its own drawdown increnment is transferred to
future time increments. In any case, a short consolidation tine may inprove the results.

It is possible that an integration by parts of the nenory term could lead to a better
approximation, and this is a question which nust be explored.

Anot her reason which supports the correspondence principle is the remarkably good
correlation found between total drawdown and total subsidence.

According to the experience gained in the Mexico City case, from a practical standpoint
there seens to be no strong reason to use equation (5.26) instead of equation (5.23) as there is
not a big difference in computing tinme or conputer nenory requirenents. So, its use seems to be
nore practical in non-conputer nodeling, as described in the next section.

In applying equation (5.23), sone aspects nust be consi dered:

1. Additional terms must be included to take into account infiltration or punpage

2. Conpressibility parameters nust distinguish between virgin conpression and el astic
reconpressi on

3. The storage coefficient in the main aquifer nust be changed in those cells of the
nodel mhi;e drawmdowns are such that ground-water flow changes from confined to
unconfine

4. The aquifer conpaction itself, if considered relatively inportant, my be added
conputing it as an instant response to drawdown, thus taking care of point (b)
above.

The procedures described herein may be incorporated in any of the existing types of ground-water
nodel s.

5.3.5 Sinplified subsidence nodeling

In some cases it may be desirable to have a fast estimte of the probable order of magnitude of
subsi dence versus time due to regional punpage in sone selected site(s) and this may be done
through (1) estimating future drawdowns in the site(s) and (2) estimating future subsidence in
the site(s).

The first part may be achieved by sinple superposition of the Theis equation or by the
application of the Influence D agram (Fi gueroa Vega, 1971), together with the application of the
af orenmenti oned Correspondence Principle (equations 5.26, 5.27 and 5. 28).
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The superposition of the Theis equati on needs no further coment. It may be advi sabl e when
the nunber of wells is not too |arge.

When there are many wells and their distribution is fairly uniformwi th an average punpage
of "q" wunits of volume per wunit of tine, it is much nore practical to apply the influence
di agram nenti oned before, which is a diagramsimlar to that devel oped by Newrark (1942) in the
soil mechanics field to integrate vertical stresses due to a distributed surcharge.

By neans of it, drawdown "s" at the site and at tinme "t," due to a distributed punpage of
intensity "q" in any area is sinply

s = QSE (0. 0025N. +0. 001N,), (5. 33)

where "S" is the storage coefficient and "N" and "N," are the internal and external
"squar es" covered by the punping area drawn at a proper scale.

The application of equation (5.33) for several tines nmekes it possible to plot estimated
future drawdowns versus tinme.

The next step is to estimate the future subsidence, the tine derivative of which is T

(transmissibility) tines the convolution termof the left side of equation (5.23), i.e.:
dh ta
= =T , , e F(t — oB. 5.34
5t IOGBS(X y, B)« F(t —B)oB ( )

This expression may be easily approxi mated by nunerical nethods with the help of a pocket
programmaebl e cal cul ator and the total subsidence for each tinme is the area under the curve
versus t.

Equation (5.34) takes only into account the consolidation of the clay strata. Conpression
of the aquifer nmay be included, as an instant response for each increment of tine, using
equation (5.11).

The fornmer procedure, though sinple and lacking precision, may be used as a basis for
prelimnary decision-naking in nmany cases of regional subsidence due to ground-water
extraction, while a nore precise digital conputer nodel is el aborated and vali dated.

5.3.6 Cther types of subsidence nodels, by Donald C. Hel nf

A variety of prediction techniques have been discussed--enpirical, senmi-theoretical, and
theoretical. The enpirical and sem -theoretical techniques require induced subsidence to have
al ready begun. Enpirical and sem -theoretical nethods offer reasonable paraneters that 1ink
subsi dence to sone other neasurabl e phenonenon in the field. The theoretical techniques which
have been discussed to this point require the results of l|laboratory tests in order to predict
subsi dence.

Two ot her techni ques for subsidence prediction will now be discussed. This will be foll owed
by a discussion of the role of the unpunped overburden. One technique, which uses a
depth-porosity nodel, is too primtive to require induced subsi dence to have al ready begun. This
is its power; it can give a rough approximation of potential ultinmate subsidence of an area
where the local confined aquifer system has not yet been stressed. The second techni que that
wi || be discussed uses an aquitard drai nage nodel. In contrast to the depth-porosity nodel, this
second technique requires conpressible beds to be stressed in the field. It is sufficiently
sophisticated not to require laboratory tests on soil specinens. Neither the depth-porosity
nodel nor the aquitard-drai nage nodel requires |aboratory tests; each uses its own independent
fiel d-based nmethod for paraneter evaluation. They are both useful techniques.

The paraneter found by using the depth-porosity nmodel is a generalized depth-dependent
approximation for a coefficient of volune change, m, of equation 5.10 which corresponds to
nonrecoverabl e specific storage, S g Of equations 3.4 and 3.19. This paraneter controls the
ultimate response to stress of a specified bed. The paranmeters found by using the aquitard
drai nage nodel are site-specific average values of specific storage, S g, and the vertical
conponent of hydraulic conductivity, K . These paraneters control the tine-del ayed response to

2 \Wrk perforned under auspices of the U S. Department of Energy by the Law ence Livernore
Nati onal Laboratory under contract No. W 7405- ENG 48.
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stress of conpressible interbeds within a confined system They appear directly in equation 3.2
and indirectly in equation 5.15.

5.3.6.1 Depth-porosity nodel

Porosity of sedinmentary materials is known to decrease in general with depth (Figure 5.18).
Based on enpirical data for shale and nudstone, Athy (1930) and Magara (1978) suggest that a
rel ati on between porosity and depth can be found from an exponential expression

n + nge ¢? (5. 35)

for conditions of conpaction equilibriumwhere n is porosity at a specified depth z, ng is an
extrapolation of n to land surface (z = 0), and ¢ is an enpirically determ ned constant. For
Athy's data of shale porosities from Cklahoma, ng equals 0.48 and c equals 0.0014 when z is
expressed in netres. Schatz, Kasaneyer, and Cheney (1978) suggest using equation 5.35 for site-
specific values for nyg and ¢ as a nmeans of approximating S g, as a function of depth, z, for all
conpressi bl e sedinmentary material including shale, nudstone, sandstone, and clay. They tacitly
argue that decreasing fluid pressure due to producing an artesian aquifer system has an

Porosity, n, in percent
0 20 40 50
i T

Dickinson

Depth, z, in 102 metres
-~

Fi gure 5.18 Two exanpl es of decrease of porosity with depth.
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equi val ent effect on porosity that lowering the bed to a greater depth would have. Hence the
curves in Figure 5.18 are treated by themto represent a type of ultimate stress/strain relation
for equilibrium conpaction.

Unfortunately, not all enpirical depth-porosity curves follow an exponential relation as
expressed by equation 5.35. A notable exception (Magara, 1978, p. 93) is Dickinson's (1953) data
for shale porosities from the Gulf of Mexico coast. Helm (1980, unpublished manuscript) has
found that Dickinson's shale porosities follow a logarithmc relation with depth, nanely

An = -a Aln X, (5.36)
N = Nt - aln(zlzye), (5.37)

where n,o and z,o are reference values for porosity and depth and a is an enpirical constant.
If ais interpreted as a type of conpression index, equations 5.36 and 5. 37 approxi mate the type
of stress-strain relation one wuld anticipate from standard soil mechanics interpretation of
| aboratory consolidation data. For Dickinson's field data fromthe Gulf Coast, a equals 0.103
and n, is found to equal 0.05 for an arbitrary reference depth z,¢ of 10* m

It is now possible to get two depth-dependent theoretical values of S g, based on equations
5.35 and 5.37. Recalling equation 3.10, we can express how lithostatic effective stress, p’, due
to subnmerged wei ght of overlying material changes with depth, z, by the gradi ent

dp' _ _ G-
=2 - @a- —1)y, = ===y . .
5, = A-n(G-1)y, = TroVw (5.38)
According to the left-hand equality of equation 3.4 and equation 5.9, we wite
1 de de
S’ = e 2 = —(1-n)-== 5.39
Equation 5.39 can be witten
dedndz Yw dndz
s’ = —(1-n)E¥=l 2L = AL 2lEL , 5. 40
skv ( r])dndzdp'yW 1-ndzdp’ ( )
whi ch, in accordance with equation 5.38, becones
, 1
S'gpy = —rr s dn (5. 41)

(1-m?G-1)%%

It now becones necessary to determine dn/dz from Figure 5.18. For Athy's curve, equation
5.41 becones

' _ Cc n
gy = o P (5. 42)

where we have used equation 5.35. For Dickinson’s curve, however, equation 5.41 becones

S'gpy = e B - (5-43)
(G-1)z(1 -n)

where we have used equation 5. 37.

Figure 5.19 shows the relation of S g, and depth z in accordance with Athy's data (dashed
line) and Dickinson's data (solid line). The dashed line in Figure 5.19 was found by
substituting equation 5.35 into the right-hand side of equation 5.42 and assuning ng to equal
0.48 and ¢ to equal 0.0014. The solid line in Figure 5.19 was simlarly found by substituting
equation 5.37 into the right-hand side of equation 5.43 and assunming n,e to equal 0.05, Z. 4 to
equal 10* m and a to equal 0.103.

The marks on Figure 5.19 indicate a selection of S 4, values deternined by other methods.
The X's in the upper right-hand corner of Figure 5.19 represent values of S g, calculated from
results (Marsal and Graue, 1969, Table 5, p. 190) of standard | aboratory consolidation tests on
soil sanples near Mexico City. The synbols Xgg Xy, and Xy represent values of S g, cal cul ated
fromresults of standard | aboratory consolidation tests on soil sanples taken respectively from
the Santa Clara Valley, California (Poland, witten comunication, 1978), from near Seabr ook,
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Texas (Gabrysch and Bonnet, 1976, Table 3), and a conposite of values fromthe WImngton Gl
Field, California (Allen and Mayuga, 1969). Subsidence is known to have occurred at all these
sites. The circles represent values of Sg, deternined from sinmulating observed conpaction and
expansion in California by neans of a digital conputer code. This conputer simulation technique
uses the aquitard-drainage nodel and is discussed in the next section

It is evident fromFigure 5.19 that within 1000 netres of l|land surface, Dickinson s curve
gives a high, but reasonable, estimate of S g, Helm (1980, unpublished manuscript) suggests
the use of the solid curve in Figure 5.19 as a first approxi mation of S g, For exanple, assune
a confined aquifer has not been devel oped and hence no field-based conpaction records are
avail abl e. However, suppose one knows that an areally extensive confined aquifer systemlies at
a depth between roughly 100 and 300 netres. Wthin this 200-netre interval there is found to
exi st about 100 netres of fine-grained conpressible interbeds. Hence the thickness of
conpressi ble beds, b’, is about 100 m the average depth is about 200 m and in accordance wth
Di ckinson's curve in Figure 5.19 we can estimate S ¢, to approximte 10 3m?!. Using equation
3.4, we find

Ab’ /Ahy = S g b 01078 x 102 = 1071, (5. 44)
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Figure 5.19 Specific storage for nonrecoverabl e conpaction, S 4, as a function of depth, z.

Equation 5.44 tells us, as a first approximation, that for every foot of |ong-termdrawdown, one
can expect about one-tenth of a foot of ultinmate conpaction.

Let us interpret equation 5.44 in a sonewhat broader tine frame. One woul d expect a tine |ag
of decades before conpaction in the field would reach its ultimte value (equation 5.44) even
under conditions of no recovery of artesian head. If at any time artesian head recovers above a
transient critical elevation, ongoing residual subsidence will stop

Predicting this critical elevation of head is discussed in the next section. Equation 5.44
and use of Dickinson's curve in Figure 5.19 tacitly requires sedinentary material within a con-
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fined systeminitially to be normally consolidated. Another tacit assunption of equation 5.44 is
that volune strain expresses itself entirely in vertical conpression. For a confined aquifer
system whose volune strain is isotropic, the vertical conponent of strain is one-third the
vol une strain. Wenever in situ strain is actually isotropic, use of Dickinson's curve (Figure
5.19) in equation 5.44 would thereby automatically give an estimate of vertical conpression
three tinmes too | arge.

Met hods for approximating a regional distribution of Ah,, which appears in the left-hand
side of equation 5.44, are available (e.g., Figueroa Vega, 1971). Discussion of these nethods is
beyond the scope of the present section.

5.3.6.2 Aquitard-drai nage nodel

Tol man and Pol and (1940) suggested that subsidence in the Santa Clara Valley, California,
is caused not sinply by declining artesian heads and the resulting conpaction of perneable
sands, but prinmarily by the nonrecoverabl e conmpaction of slowdraining clay layers within the
confined system This marks the conceptual birth of the aquitard-drai nage nodel (Figure 5.20).
Riley (1969) applied Terzaghi’s (1925) theory of one-dinensional consolidation quantitatively
to the aquitard-drai nage nodel. Helm (1972, 1975, 1976) borrowed Riley's insights to develop a

(Pumpage rate) Q

r —— —
_l -ah((Drawdown in coarse-grained material)
~
zl :

s
s

sb (Vertical component of 3-D movement)
. L e . ==

) el 'Aquita(d
Confined aquifer (fine-grained)

:QZ(Specific discharge)

Coarse:

Fine :qz (Specific discharge) ‘.

r

Fi gure 5.20 Aquitard-drainage nodel (nodified fromHelm 1980, Figure 4).
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one-di mensi onal conputer code to sinulate tine-delayed aquitard conpression and expansion in
response to arbitrary fluctuations of hydraulic head within the coarse-grained portion of a
confined aquifer system In turn, Freeze (Wtherspoon and Freeze, 1972; Ganbol ati and Freeze,
1973) and Narasi mhan ( Narasi mhan and Wt herspoon, 1977) borrowed Hel mi s insights for devel opi ng
their own one-dinensional conmputer codes for aquifer-system conpaction and expansion.
Digitalizing the aquitard-drai nage nodel led directly to a powerful predictive technique (Helm
1978; Pollard and others, 1979) for |and subsidence caused by water-level fluctuations within a
confined aqui fer system

The aquitard-drainage nodel (Figure 5.20) represents the confined aquifer system as containing
two basic types of porous material: agroup of (i) fine-grained interbeds each of which is conpletely
surrounded by a hydraulically connected system of (ii) coarse-grained material. The fine-grained
interbeds (aquitards) are considered nuch |ess perneable than the interconnected coarse-grained
portion of the confined aquifer system Because slowdraining aquitards are interbedded within an
aqui fer, they are conceptually distinct from caprock, confining bed, or semnm-confining bed that
serves as a confined aquifer’s upper boundary. The aquitard-drai nage nodel conceptually attributes
the observed tine-lag (of conpaction response to stress change) to the vertical conmponent of fluid
flow from one idealized material (aquitard) to another (aquifer) within the two-material system
itself. The slow vertical drainage, q,, fromhighly conpressible aquitards to the |ess conpressible
aquifer material serves a somewhat similar rheological function in this nodel that a viscous
"dashpot" serves in a viscoelastic reservoir nodel that has only one idealized undifferentiated
mat eri al (Corapcioglu and Burtsaert, 1977).

In conjunction with appropriate field data, the nodel predicts (1) residual nonrecoverable
conmpaction within a system (2) tine-dependent in situ preconsolidation pressure (a critical
depth to water at which non-recoverabl e conpaction is stopped during the unloadi ng phase and is
triggered during the reloading phase of a specified unloading-reloading cycle), and (3) a
ti meconstant, 1, for a confined systemat a site of interest. According to Terzaghi’'s theory of
consolidation, T can be interpreted to represent the length of time required for initially
unstressed aquitards to reach a 93 per-cent nonrecoverable conpaction if water levels in
adj acent aquifers (of a confined systen) are instantaneously |owered a specified amount and t hen
hel d constant.

By simulating field conpaction and expansion at 8 sites in the Santa Clara Valley and 7
sites in the San Joaquin Valley, California, Helm (1978, Table 2) estimated that in 1978
resi dual conpaction in the Santa Cara Valley ranged froma mninmmof 0.52 mat one site to a
maxi mum of 2.53 mat another. Anpbng the anal yzed sets of field data collected in the San Joaquin
Val | ey, cal cul ated residual conpaction ranged froma mninmumof 0.85 mat one site to a maxi num
of 9.75 mat another. In the early 1970's the critical depth to water was calcul ated site by
site to range froma few to several tens of nmetres above a | ocal past nmaxi mum depth to water.
Time constants also were estimated fromsite-specific field data. In the Santa Clara Valley, Tt
was calculated to range froma mninmumof 13 years at one site to 125 years at another. In the
San Joaquin Valley 1 was calculated to range fromb5 years at one site to 1350 years at another.

Figures 5.21 and 5.22 illustrate the use of a one-di nensional conputer sinulation based on
the aquitard-drai nage nmodel. Using the stress curve shown in the upper graph of Figure 5.21 as
i nput val ues, parameter values within the mathematical npdel are calibrated in order to make
cal cul ated conpaction (dotted line in the lower graph of Figure 5.21) be as close an
approxi mati on to observed conpaction (solid line in the | ower graph of Figure 5.21) as possible.
Usi ng these parameter values and the input stress curve shown in the upper graph of Figure 5.22,
a predicted conpaction curve is calculated for the period 1921-74. This prediction is shown by
the solid Iine in the | ower graph of Figure 5.22. Actual conpaction is estimted as a portion of
subsi dence neasured at bench mark J111 and is plotted as solid circles in the |ower graph of
Figure 5.22. The excellent agreenment between predicted and observed conpaction in Figure 5.22
confirnms the paraneter values found during the calibration process (Figure 5.21). This result
increases one’'s confidence in the residual conpaction, preconsolidation stress, and tine
constants that are estimated fromthis procedure.
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Fi gure 5.21 Si nul ati on of conpaction based on water-level data for well 6S/ 2W25C (1960-72)
and compaction data observed in well 24C3.
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Fi gure 5.22 Si nul ati on of conpaction based on water-level data for well 6S/ 2W25C (1921-74)
and on conpaction estimated as a portion of subsidence neasured at bench mark

5.3.6.3 Influence of material within the unpunped overburden

Subsi dence due to fluid withdrawal is the expression at |and surface of the conpression at
depth of a stressed artesian aquifer system Mterial within the intervening unpunped overburden
may possibly play arole in mtigating |land surface effects. Geertsma (1957, 1973) has in effect
di scussed quantitatively the role of the overburden. H's equation for ultimate vertical
di spl acement, U,, directly over the center of an axially symretric confined aquifer system
(Figure 5.23) is

U, (0, 0) =- 2((1-v)cpop {I-[C/(1+C) 7]}, (5.45)
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wher e

v is Poisson’ s ratio,

b is thickness of conpressing bed(s),

p is pressure change,

Cis DR,

Dis depth to conpressing bed(s), and

R is radius of stressed system
For highly conpressible poro-elastic bulk material, Geertsma’s coefficient of wuniaxia
conmpacti on, c, becones

Cnh= (1-2v)(1+v)/ E(1-V), (5. 46)

where E i s Young's nobdul us.

Equation 5.45 should be used with caution for the follow ng reasons. Due to gravitationa
body forces on subnmerged solids, it is reasonable to assume that the base of a depressured
aqui fer system does not nove upward. Unfortunately, Geertsma negl ects such body forces in his
analysis with the unrealistic result that under some circunstances the base of his idealized
reservoir (confined aquifer systenm) mathematically noves upward a significant amount. This
physically unlikely upward novenent can nathematically nearly equal the total conpaction of the
stressed system Hence there may mathematically be no downward novenent of the top of the
i deal i zed reservoir. Correspondi ngly under these circunstances there would nat hematically be no
subsi dence at | and surface whatsoever. This questionable aspect of Ceertsma’s analysis reflects
itself in equation 5.45

| .

| Land surface

' //ilnflnlte pIane)
I
]

(0,0) / (r,0)
— r — p—
i Observer
I
|
I
|
I

Overburden

Cohfined aquifer system.
(axial symmetry)

Y

zZ-axis
SEMI - INFINITE SOLID

Fi gure 5.23 Hal f-space nodel (nodified fromHelm 1980, Figure 2).
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It is nore reasonable to assunme that the volune of conpaction of a conpressible aquifer
system expresses itself eventually by an equal volune of subsidence at |and surface. Wenever
t he upper boundary of a conpacting aquifer system noves downward in response to conpression of
underlying sedinments, Ceertsma (1973) hinmself points out that the volune which this upper
surface noves is preserved at |and surface. Wen the vertical nmovenent of the base of a confined
aqui fer system can realistically be considered negligible, land subsidence, according to
Ceertsma, equals volunmetrically the total conpaction of the confined aquifer system

The areal distribution of subsidence is sonewhat influenced, however, by the ratio of depth
Dto radius R (Figure 5.23) of the depressured confined aquifer system The effect of conpaction
of an aquifer systemwith a large DR ratio may be spread over a |arge area at |and surface and
hence mninmze the vertical conponent of volunetric subsidence. The limt, however, would not be
zero (which is erroneously inplied by equation 5.45) but sonme finite fraction of b’, of equation
(5.44). For nost ground-water systenms the D)Rratio is sufficiently small that the overburden’s
spreading effect can be conpletely ignored. This inplies the direct applicability of a
dept h-porosity nodel (Section 5.3.6.1).

The conceptual nodel used by many investigators, including Ceertsma, will now be described.
It is a variation of what can nore generally be called a hal f-space nodel (Figure 5.23). The
earth is represented as a honbgeneous, isotropic, sem-infinite elastic (or poro-elastic)
medi um Land surface is represented as a flat upper surface that is free to nove. Neither
calcul ated surface novenent nor topographic relief affects the essential flatness of the
i deal i zed surface. Al though a depressured zone at depth D below |and surface with a center at
radi al distance r from an observer on land surface is represented by an idealized spherical
tension center by Carrillo (1949), by vertical pincers by McCann and Wlts (1951), and by a
radially symetric group of strain nuclei by Ceertsma (1957), the various representations are
conceptually simlar. Ganbolati (1972) has di scussed the major conceptual distinctions between
the tension-center representation (Carrillo, 1949; MCann and WIts, 1951) and the strain-
nucl eus representation (Mndlin and Cheng, 1950; Sen, 1950; Ceertsmm, 1957, 1966, 1973; Fi nol
and Farouq Ali, 1975). Briefly, a tension center npdel tacitly requires an infinitely
conpressible reservoir within an elastic half-space. The strain-nucleus nodel requires the
confined aquifer systenis conpressibility to equal the conpressibility of the surrounding
elastic halfspace. Finite heterogeneity between the conpressing system and the surrounding
hal f - space was introduced to the nodel by Ganbol ati (1972).

The question of finite heterogeneity deserves sone conment. A confined aquifer system by
definition yields fluid to a discharging well and experiences a pressure |oss. The surroundi ng
material by definition does not yield fluid. Hence porosity within a conpressible confined
aqui fer system decreases. Porosity does not necessarily decrease within the surrounding
hal f space. This distinction is analogous to the distinction in soil mechanics between drained
and undrained conpression. Decrease in porosity as a source for fluid discharge inherently
i ntroduces an extra conponent into a conpressibility termfor a confined aquifer system This
extra conponent does not appear in a corresponding conpressibility term for the undrained
surroundi ng hal f-space. Specifically, only Sgy of equation 3.3 is appropriate to use for the
surroundi ng hal f-space whose individual grains are considered inconpressible,, whereas the sum
of S gand Sgyis appropriate to use for the aquifer systemitself. S g isa function of porosity
| oss whereas Sgyis a function of the expansion of interstitial water. Hence, the hydraulics of
underground fluid flow alone helps dictate the apparent heterogeneity of conpressibilities
between a conpressing aquifer system and the surrounding half-space. This apparent or in situ
hydraul i c heterogeneity is distinct fromstandard differences in material properties which are
tested and recorded in the |aboratory.
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