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Experimental Testing of Transient Unsaturated Flow Theory
at Low Water Content in a Centrifugal Field

Joun R. NiMmo
Water Resources Division, U.S. Geological Survey, Menlo Park, California

Experimental measurements and theoretical predictions of transient moisture conditions have been
compared for a sandy soil approaching hydrostatic equilibrium in a centrifugal field. Starting near
saturation, samples were centrifuged at constant speed with a constant suction at the outflow
boundary. Water flowed freely out of the sample through a porous plate. Step increases in centrifuge
speed produced transient moisture conditions suitable for comparison between experiment and theory.
Measurements of electrical conductivity by a direct contact four-electrode technique indicated the
water content according to a calibration based on known moisture conditions at various equilibrium
states. A specially modified centrifuge permitted electrical measurements during centrifugation. For
comparison, the transient water contents were computed by a finite-difference solution of Richards’
equation (modified by replacing gravitational with centrifugal potential), using soil characteristics
measured previously by steady state techniques. The time dependence of water content changes, used
as the basis for comparison between experiment and theory, shows agreement which is reasonable
given the degree of uncertainty of the measurements. The experiment confirms, within a factor of 4,
the validity of Richards’ equation for moisture conditions as dry as 25% of saturation, over a hydraulic

conductivity range of 5 x 107!! to 1 X 108 m/s, and in a centrifugal field up to about 200 g.

INTRODUCTION

Incorporating Darcy’s law and the condition of continuity,
Richards’ equation encapsulates the generally accepted the-
ory of transient flow in an unsaturated porous medium.
Virtually every quantitative approach to unsaturated-zone
hydrology relies on the validity of this equation. Expressed
mathematically in one dimension for flow driven by pressure
gradients and gravity, Richards’ equation is
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where 8is volumetric water content, ¢ is matric potential, ¢
is time, z is the vertical space coordinate, K is hydraulic
conductivity considered as a function of ¢ or 6, p is the
density of water, and g is gravitational acceleration. Though
(1) represents generally accepted theory, its validity can be
rigorously established only by experimental tests that com-
pare its predictions with measured results obtained indepen-
dently of the parameters used in computation.

Equation (1) is a combination of the continuity equation
and Darcy’s law applied to the total potential

Oy, = ¢ + pgz )

where the subscript refers to the gravitational case. When
the body force driving flow is centrifugal, it is necessary to
replace the total potential with

O, =y —ipwir? 3

where wis the angular speed of rotation and r is the distance

from the center of rotation. Then Richards’ equation takes
the form
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in which the key differences are the change from coordinate
Z to r and the alteration in the body force term at the extreme
right.

Equation (4) is valuable even though it does not apply
directly to natural systems. Various transient measurement
techniques for unsaturated or multiphase flow characteris-
tics directly involve centrifugal fields [e.g., Alemi et al.,
1976; Hagoort, 1980; van Spronsen, 1982]. Centrifugal tech-
niques for geotechnical modeling commonly apply to situa-
tions of transient unsaturated flow, several examples of
which are described by Schofield [1980]. It is possible to
develop inverse methods for determining flow characteris-
tics from easily measured transient flow quantities in a
centrifuge, as is now commonly done with pressure- and
gravity-driven flow [Kool et al., 1987]. One such technique
was proposed by Alemi et al. [1976]. In all of these applica-
tions, the use of centrifugal force is desirable because it
allows faster operation, greater accuracy, or a wider range of
water content than would otherwise be possible.

Certain physical attributes of centrifugally driven flow are
unique. As is clear from its » dependence, the centrifugal
force is spatially nonuniform, though in general this compli-
cates the descriptive mathematics without substantially al-
tering basic physical phenomena. Normally the most critical
difference is the great body force possible in a centrifuge. In
most applications this force dominates all other forces driv-
ing the flow, unlike the noncentrifugal cases where pressure
gradients can easily overwhelm gravity. Besides driving flow
faster than usual for a given moisture state, the great body
force may also affect the shape of air-water interfaces and
the microscale distribution of water. Nimmo et al. [1987]
provided evidence that Darcy’s law remains valid under
these conditions, but this evidence applies only to steady
state flow,

Experimental tests of Richards’ equation in the form of (4)
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are essential to establish the validity of centrifugal measuring
and modeling techniques that quantify transient flow condi-
tions. Moreover, additional tests of this equation in any form
are needed to cover the wide variety of conditions in which
moisture flow takes place in porous media. The importance
of rigor, variety, and number of such tests has increased with
the growing use of inverse methods for K(6) and 6(y)
determination, which rely on the universal validity of Rich-
ards’ equation. For this purpose the use of a centrifuge can
afford the same speed, accuracy, and 6 range advantages
that it provides in other porous media experiments.

Several published studies have compared numerical solu-
tions of (1) with measured results. Because there are many
ways to categorize these studies (medium; conditions tested,
e.g., drying, wetting, infiltration, evaporation; compared
quantity; moisture range; etc.), each one is unique. Most
show good agreement of experiment and theory [e.g., Sta-
ple, 1969; Bresler et al., 1969; Luthin et al., 1975; Hoa et al.,
1977]. A typical example is the study of Bresler et al. [1969],
involving column experiments in which a clay loam was
subjected successively to infiltration, redistribution, and
evaporation. The water content at a given depth during
redistribution was both measured and computed by a finite
difference solution of Richards’ equation [Hanks et al.,
1969]. The K data used in computation were derived from an
evaluation of the transient flow during the evaporation stage
of the same experiments. Comparison of &) for experiment
and theory showed ‘‘the same general trend in change of
water content with time’’ [Bresler et al., 1969, p. 836].

The strongest tests are generally those in which the
necessary X and &(y) values are measured independently of
the measurements which are compared with theory [Freeze
and Banner, 1970; Tang and Skaggs, 1977; Gilham et al.,
1979; Kunze and Nielsen, 1983]. These mostly show accept-
able agreement with Richards’ equation, though not quite as
close as in other tests. One exception is the study of Kunze
and Nielsen [1983], which showed only fair agreement at
best, explained as probably resulting from the difficulty of
obtaining accurate K and &) measurements. Gilham et al.
[1979] conducted a particularly rigorous experiment and
found good agreement with theory. Some studies have used
steady state methods for the necessary K measurements.
Freeze and Banner [1970] and Tang and Skaggs [1977] did so
and found reasonable, but not outstanding, agreement. Thus
these existing reports have no substantial evidence against
the validity of Richards’ equation. They are limited, how-
ever, in several respects, most notably in considering soils
only under wet conditions. K values in these tests did not go
much lower than 107% m/s.

The objectives of the present experiment were to rigor-
ously test Richards’ equation under low-6, low-K (1078 to
1071 m/s) conditions by direct measurement of transient
moisture states during centrifugation. This was to be done
with a medium whose K(6) and &(i) characteristics were well
established in previous studies and for which replicate
samples were available. The transient moisture response in
the centrifuge was to involve a &(z) that could be measured
and also computed from (4). Then experiment and theory
could be compared to see if they agree within limits appro-
priate for the measurement error and the adequacy of
necessary approximations and assumptions.
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Fig. 1. Unsaturated moisture characteristics of Oakley sand. (a)

Hydraulic conductivity versus matric potential. The points are
measurements by the steady state centrifuge method. The solid
curve is a least squares fit to the empirical formula K{(¢) =
Koo/l 1™ + 1], with K¢y = 1.277 X 1075 mfs, ¥, = —2.0940 kP2
and m = 4.9577. The dashed curves define a range within whichall
the measurements fall. (b)) Water content versus matric potential:
measured points interpolated and extrapolated as by Nimmo and
Akstin [1988].

EXPERIMENT

The general experimental plan was to generate outflow
from wet soil in a centrifugal field, increasing the speed in
steps so that after each increase there is additional outflow as
the soil water responds to the greater force. With known
flow characteristics, it is easy to calculate &G, r) using the
centrifugal Richards’ equation, (4). For the comparison.
electrical conductivity (o) was to be measured in smalt
portions of the sample and used as an indication of &1). The
difficulty of making these measurements during centrifuga-
tion was solved with a new custom-modified centrifuge.

The soil used in this experiment was Oakley sand, whose
K(y) and &) characteristics (Figure 1) were measured
previously under far-from-saturated conditions by Nimmo ¢!
al. [1987] and Nimmo and Akstin [1988] using the steady
state centrifuge method. Because these measurements were
made under steady state conditions, their validity requires
no presumptions concerning transient flow theory. thus
maintaining the independence necessary for a rigorous fest
Although only drying curves were available, there are no
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Fig. 2. The soil retainer used for testing Richards’ equation
during centrifugation. Screws numbered 1 through 8 make three
curved square four-electrode configurations for measuring o at three
positions in the sample. The porous ceramic plate and bottom
support plate with overflow lip establish, at equilibrium, a constant
suction condition at the bottom surface of the soil.

hysteresis problems in the present study because all mea-
sured # changes went from wetter to drier. The soil was
densely packed using an automated packing machine [Ripple
et al., 1973] and compacted in the centrifuge at 1910 g, thus
following the procedure designated ‘‘D2F2C2”’ in the nota-
tion of Nimmo and Akstin [1988]. In order to have room in
the centrifuge bucket for wires and electrodes, the soil
sample was recored to a smaller diameter (25.4 mm), retain-
ing its 38 mm height. The water used to wet the sample
during preparation and before each experimental run was
selenate solution (0.01 N CaSO,4 and 0.01 N CaSeO,) with
electrical conductivity equal to 1.43 dS/m at the laboratory
temperature of 22°C.

Apparatus

The centrifuge was a Beckman Instruments model J6-M
specially modified at the factory to incorporate on top of the
rotor a Meridian Laboratory MM12 high-speed, low-noise
rotating electrical contractor. (Use of brand names is for
identification purposes only and does not constitute endorse-
ment by the U.S. Geological Survey.) This equipment per-
mits 12 wires attached to devices in a rotating bucket to be in
continuous electrical contact with wires leading to electronic
devices outside the centrifuge.

The apparatus placed in the centrifuge buckets included
the soil in its retainer, shown in Figure 2, and a reservoir at
the bottom to collect outflowing water. A ceramic plate with
a water table maintajned about 10 mm below the bottom of
the sample established a constant (for given w) negative
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matric potential at the outflow boundary of the soil. The top
of the sample was capped, though not with an airtight seal.

The soil retainer was made of Delrin, chosen for electrical
insulation, adequate rigidity, and negligible effect on surface
tension (tested using a platinum ring measuring device and
following procedures used by Topp [1966]). Threaded holes
held stainless steel screws, 4 mm in diameter, used as
electrodes. The screws were long enough to protrude slightly
(0.5-1 mm) into the soil. Of the retainer’s 32 holes, those not
in use at any time were plugged with stainless steel set
screws. A small thin-film platinum resistive temperature
detector (RTD) was attached to the outside of the retainer
for temperature measurements.

For the electrical conductivity measurements, a curved
variation of the square four-electrode arrangement [Habber-
Jam, 1979] was developed because the spatial resolution of
linear [e.g., Kirkham and Taylor, 1950] and circumferential
[e.g., Gupra and Hanks, 1972] four-electrode arrays proved
to be inadequate. The curved square arrangement used here
has two rows of two screws 45° apart on the circumference,
with a 7.6-mm vertical spacing (center to center) of the
screws. As shown in Figure 2, the use of eight screws in two
vertical rows allows measurement using three different four-
electrode sets. Electrodes 1, 2, 3, and 4 comprise the lower
electrode set; 3, 4, 3, and 6 the middle set; and 5, 6, 7, and
8 the upper set.

To make electrical conductivity measurements by the
four-electrode method, a measured ac signal (5 V, 37 Hz)
supplied current to two electrodes while the potential differ-
ence between the other two electrodes was measured. The
signal voltage was selected to be great enough to minimize
effects of noise without causing undue heating or other
unwanted effects on the sample. The frequency was chosen
to be low enough that stray capacitances and inductances
would not be a serious problem and high enough that
sampling rates could be reasonably fast and to be distinctly
different from 60-Hz background signals. A digital voltmeter
indicated the current by reading the voltage across a preci-
sion resistor in series with the current electrodes. The same
voltmeter read the voltage across the potential electrodes. A
matrix switch in an electronic scanner (Keithley model 706
with model 7052 scanner cards) permitted connections be-
tween any wire from the centrifuge and any of the devices
(signal generator, voltmeter, etc.) outside. A small computer
controlled the scanner and recorded the measurements.

The ratio of the measured potential difference to the
supplied current is taken as the configuration resistance. For
a four-electrode arrangement, there are three possible inde-
pendent pairings of electrodes (taking the current electrodes,
say, as a vertical, horizontal, or diagonal pair) that give three
different values of resistance. For ideal apparatus the sum of
two of these equals the third [Carpenter, 1955], so the sum of
the three different measurements, divided by two, will give
an average effective measurement of overall configuration
resistance. A value, symbolized R, was obtained this way
each time an electrode set was read.

The configuration resistance determines electrical conduc-
tivity very simply according to

o=UR (&)

where U is the cell constant. The value of U was obtained by
measuring R with a conductive liquid (a gelatine solution,
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Fig. 3. The weighting factor w, illustrating the sensitivity of a

curved square electrode set as a function of the distance x from the
center of the electrodes. The solid curve is a least squares fit of (7)
to the measured data.

viscous enough not to leak out between nonsealed compo-
nents) of known conductivity (oy) filling the cell.

The spatial resolution of electrode configurations can be
quantified in terms of a weighting factor w expressing the
relative influence of every part of the medium on a o
measurement. The measured U/R in (5) then is considered an
integration, over every point r within the sample, of the
product of w(r) and o(r). The w factor was determined by
measurements of o with the standard o solution filling the
cell to various heights. Assuming one-dimensional (axial)
spatial dependence of this sensitivity and negligible influence
from outside the sample, it can be shown that

N 6
wlx) = oo dx | R(x) ©

where L is the sample height, x is the distance from the
center of the electrode set, and R(x) is measured with the top
surface of the o, solution at position x. Figure 3 shows point
measurements of w(x) with a fit to the Gaussian function

w(x) = F exp (—Gx?) )]

where F and G have the values 5.4161 and 1.3961 cm ™2,
respectively.

The measurements show that for the curved square ar-
rangement, 90% of the influence is confined to a region
within 9 mm of the center of each square. Measurements
with this configuration were treated as point measurements
at the center of each square. These three points were 11.3,
19.0, and 26.7 mm from the bottom edge of the retainer.

Temperature Correction

The measured o is highly dependent on temperature (1),
so even the small, periodic variations inside the refrigerated
centrifuge (T varying by =0.2°C around a mean (7,,) of
20.62°C) are significant.

The temperature correction formula used on measured o
values was based on T and o measurements during a few
long data segments at low speed, with the water content
effectively stable (at equilibrium). The data for each subseg-
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Fig. 4. Temperature sensitivity of electrical conductivity mea-
surements as a function of mean electrical conductivity. Each point
was obtained from the slope of the o versus T relation for a single
subsegment after effective hydrostatic equilibrium was achieved,
The line is a least squares fit.

ment showed the uncorrected electrical conductivity (a,) to
be nearly linear with 7. The values of Ao, /AT and o, =
0,(T,,,) computed for these segments are plotted in Figure 4.
The essentially linear relation suggested use of the formula

op=0,+ Do, +EXT,~T) (8)

where D and E are empirically determined parameters. The
optimized values of D and E were 0.085°C =1 and 0.00355 dS
m~! °C~L. Equation (8) was used to convert all of the g,
data to obtain the temperature-corrected o, values which
elsewhere in this paper are referred to simply as o.

Procedure

Each experimental run started with resaturated soil in
which entrapped air occupied about 20% of the pore space,
as was normal in steady state centrifuge K measurements.
The centrifuge was put through a sequence of step increases
in speed, with the length of time between steps generally
determined by the time needed to approach hydrostatic
equilibrium. Theoretical estimates of time to equilibrium,
based on numerical solutions of (4), predicted a huge varia-
tion, from a few minutes at low speeds to many years at high
speeds. Evaporation is a significant complicating factor,
hastening the approach to equilibrium water contents while
preventing perfectly constant values. In the experiment,
various durations of interval between changes were used,
ranging from 3 to 72 hours. At speeds less than 100s7'a
reasonable approach to equilibrium was possible.

Table 1 gives the sequence of speeds followed in three
separate runs from resaturation. Each step increase deter-
mines a data segment, considered here as all the data
acquired before the speed changes again. The term ““subseg-
ment”’ designates one set of o(f) or &(r), from one of the three
measurement positions, over the time of the whole segment.
The speed sequences were planned so that most data seg
ments were unique but there was some deliberate replication
(e.g., 2 46.1-57.6 s~ segment in both runs 1 and 2). Not all



NiMMO: EXPERIMENTS ON UNSATURATED FLOoW IN A CENTRIFUGE

1955

TABLE 1. Sequences of Centrifuge Speeds
Run 1 Run 2 Run 3
w, Acceleration, o, Acceleration, , Acceleration,
s g s™! g s~ g
46.1 38.1 14.7 39 293 15.4
57.6 59.5 22.0 8.7 33.5 20.2
70.2 88.3 29.3 15.4 36.7 24.1
74.4 99.2 38.7 26.9 38.7 26.9
104.7 196.8 46.1 38.1 41.9 315
136 333 57.6 59.5 46.1 38.1
230 953 104.7 196.8 524 49.2
57.6 59.5
70.2 88.3

Each run started from « = 0 with resaturated soil. Italicized numerals are for data segments used

for direct comparison with theoretical predictions.

data segments were useful in further analysis, as discussed
below.

Electrical measurements were done at various time inter-
vals during each run: once per 25 s just after each speed
change, slowing down to as much as 1800 s as the measured
quantities change more slowly. Each experimental run pro-
duced a o(r) record at three r positions in the sample, as
illustrated in Figure 5. Assuming that salinity was reasonably
constant and temperature fluctuations were adequately cor-
rected for, the o results are usable as an indication of 6.

Computation of Water Content

For converting o to 0, the required calibration function
was determined from measurements made at effective hy-
drostatic equilibrium. The ¢ distribution in equilibrium with
the centrifugal field is expressed by [Gardner, 1937]

¥ = (pa¥2)(r? — r) ©)

where ry is the position of the free water surface. With the
known &) for Qakley sand (Figure 1b), &(r) can be readily
computed. Then a plot of near-equilibrium o values (aver-
ages typically of 10 to 50 (z, o) points) versus the computed
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Fig. 5. Electrical conductivity versus time for three positions in
lh_el sample during part of run 2, when the speed, starting from 38.7
§7", was changed t0 46.1, 57.6, and 104.7 s ™!, The 46.1-s ! segment
Wwas prolonged to obtain data used in correcting for evaporation and
temperature fluctuations. The o data here are uncorrected, account-
tng for the waviness and slight declining bias of the curves.

@ values, as in Figure 6, represents the required data for a
o(6) calibration. The points in this figure are from all three
electrode positions, from centrifuge speeds ranging from
33.5 to 230.4 s !, with nonequilibrium and experimentally
invalid points excluded.

For use as a calibration function, an easily inverted
empirical formula

o(8) = ab® + ¢ (10)

where a, b, and c¢ are adjustable parameters, was fitted to the
data in Figure 6. This equation is equivalent to equation (5)
of Rhoades et al. [1976] but with the expression (a/c,) go!
used for the empirical transmission coefficient. For Oakley
sand the best fit values of a, b, and ¢ are 6.4604 dS/m, 2.0343,
and 0.023964 dS/m. Goodness of fit, expressed as a multiple
correlation coefficient, is 0.9902, and the standard error of
estimate is 0.0029 dS/m. Using the inversion of (10), all o(z)
data were converted to &¢). Figure 7 shows examples of the
resulting 6(r) data segments using point symbols identified in
Figure 8.

COMPARISON WITH THEORY

Quality of Data to be Compared

For several reasons, the different &) subsegments vary in
suitability for comparison with theory. Several of the lowest-
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ELECTRICAL CONDUCTIVITY {(dS/m}

] ] |
0 0.05 0.10 0.15

WATER CONTENT (m? water/m®)

0.20

Fig. 6. Electrical conductivity versus water content data with the
fitted curve used for calibrating the curved square electrodes.
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Fig. 7. Selected water content data versus time during equilibration in a centrifugal field. The points, with symbols
as explained in the text and in Figure 8, are derived from o measurements. The curves are computed solutions of
Richards’ equation. (a) The 38.7- to 46.1-s ~! segment, showing the low-speed anomaly in which the upper electrode set
changes faster than the lower electrode set. (b) Two 46.1- to 57.6-s "} segments, superimposed to show the agreement
of replication. The segment shown with open symbols (used only to distinguish the two data sets, not to indicate
low-speed anomalies) extends only to 700 s. (c) The 52.4- to 57.6-s~! segment, in which moisture conditions at all

electrode positions were within the range of available accurate K measurements. (d) The 74.4- to 104.7-s

~1 segment,

in which moisture conditions were drier than those of available X measurements.

speed segments were discarded immediately because of
highly erratic 6(z) data, which may result from such effects as
speed overshoot or poor electrode contact. The highest
speeds did not really approach equilibrium in the time
available. In Figure 7 it is apparent that other problems are
also present, with symptoms related primarily to (1) how
close the 6(z) values are to the range of 8 for which X
measurements (Figure 1a) are available and (2) certain

i No _
QL.Jah.ty speed Low 8
criteria or speed | outof
Electrode range |anomalies| range
set problems
Lower [ ] (o)
Middle A
Upper ] m

Fig. 8. Symbols used in Figures 7, 9, and 10 to indicate the three
electrode sets and the quality categories of data.

problems that occur at lower speeds. For each of these,
called “‘range effects’” and ‘‘low-speed effects,”” respec-
tively, the following criteria are used to assess the quality of
the data.

Range effects. To indicate whether excessive extrapola-
tion is required beyond the 0.081-0.117 water content range
for which K data are available, the chosen criterion is that
9 falls within this range, 6 defined as the mean of the initial
and final water contents 6; and 6 of the subsegment. Those
subsegments in Figure 7 which do not meet this criterion are
plotted with pluses and are not used in tests of theory.

Low-speed effects, concerning segments with speeds of
52.4 s or less. One symptom of problems appears in
comparing a given segment with the mext higher speed
segment. The lower-speed segment, which has wetter soil.
should change faster than the higher-speed segment. (The
much greater K of the wetter soil easily outweighs the effect
of the somewhat weaker driving force.) If instead the lower-
speed segment changes more slowly, the anomalous behav-
ior makes it suspect. Segments that show this behavior have
data plotted as open symbols. At the lowest speeds the dat
show an additional symptom: the lowest electrode set.



NiMmo: EXPERIMENTS ON UNSATURATED FLOW IN A CENTRIFUGE

where the soil is wettest, changes more slowly than the
highest electrode set, where the soil is driest (see Figure 7a).
Possible causes of these low-speed anomalies are discussed
Jater in this paper.

Solution of the Centrifugal Richards’ Equation

Equation (4) is a special case of equations solved by Bear
et al. [1984], the difference being that (4) applies only to an
incompressible medium. The present study used the implicit
method of Bear et al., starting with the finite difference
equation

n ¢;+1_ lpffl _ 1
G At T @an?

¢ [K_;l+ l"p_;l++ll - (Kj + K_]{‘+ ])l,’_]{‘ 1 + K_,n !I,_;'—+ll]
1 n n 2 n 2
—E(Kj_,_l—Kj)pw'rj—ijw an

where C represents specific water capacity dé/dy of the
medium, and » and j are time and space indices, respec-
tively. The required K(¢) and &(¢) curves (shown in Figure 1)
were fitted to data as was done by Nimmo er al [1987].

A zero-flux condition was assumed to apply at the top
boundary, and two different types of pressure boundary
condition were tested for use at the bottom. The simpler of
these is based on the assumption that the ceramic plate is
infinitely conductive, so that even with finite g the hydro-
static condition of (9) applies within the plate and determines
the matric potential ¢, at the soil-ceramic interface. The
alternative boundary condition takes account of the finite
plate impedance by adjusting ;, by an amount based on a
computed excess accumulation of water under conditions
where the plate limits the flow. The effective K of the plate
was measured to be 3 X 1077 m/s by the falling-head
centrifuge method (J. R. Nimmo and K. A. Mello, Centrif-
ugal measurement of saturated hydraulic conductivity, sub-
mitted to Water Resources Research, 1990). Using this value
in computations, there was little difference between results
(a few percent in terms of time dependence) for the two
boundary conditions. Results from the limited-flux pressure
boundary condition are used in the rest of this paper.

The equation was solved with a grid spacing Ar of 3.81 mm
and a time step A7 from 0.1 to 10.0 s, depending on the rate
of change of . Initial conditions for each segment were
computed from the hydrostatic formula (equation (9)). To
simulate actual centrifuge performance, changes in @ were
imposed gradually, and with a slight, temporary overshoot,
over a period of 20 s. The yAr, 1) solutions were converted to
8r, 1) for comparison with measured data. The resulting
curves appear in Figure 7.

Quantitative Comparison

_ Acomparison with theory on the basis of the whole curves
in Figure 7 would not be strictly valid. The reason is that
there are significant calibration-imposed discrepancies be-
tween theoretical and experimental endpoints of the curves.
The 6, and 6, values computed from initial and final o
easurements differ from the theoretical values just as the
measured (6, o) points in Figure 6 differ from the smooth
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Fig. 9. Exponential decline fits for the middle electrode set in
the 46.1- to 52.4-s~! segment. The triangles are experimental data,
the crosses are points taken from the theoretical curve and used for
fitting, and the curves are fits of the points to formula (12).

empirical o(6) calibration curve. Thus there is some 6
direction shifting and stretching of experimental curves
relative to theoretical curves in Figure 7 that reflects imper-
fections in the calibration rather than in the theory.

The valid comparison of the measured and predicted
curves is strictly in their time dependence. For each curve
the time dependence was quantified in a way that is insen-
sitive to @ direction deviations in the curves, making use of
a simple exponential decline pattern to approximate &(r).
Physically, using this approximation means that for any
given &(2), the rate of change is proportional to the amount of
water yet to be lost to get to 6. Mathematically, it means
following the formula

o) = [0,‘ - ef] €Xp (—I/T) + Gf (12)

taking ¢ = 0 at the time of the step change of speed. The time
constant 7 is then the desired parameter that quantifies the
time dependence. Generally,  would be expected to vary
inversely with K. (The inverse proportionality is exact for
solutions of (4) under certain conditions, such as X indepen-
dent of ¢ or 3K/dr proportional to K.) To obtain time
constants for comparison, (12) was fitted (optimizing 6;, 6y,
and 7) to the experimental and theoretical curves using the
STARPAC algorithms [Donaldson and Tryon, 1983].

For the comparison of 7 values to be valid, it is essential to
fit the experimental and theoretical cases in an equivalent
way. Measured data were first corrected for evaporation. It
was assumed that evaporation imposed a constant rate
decline on all &) data. This rate was taken to be 3.23 x 1078
s~!, determined from the rate of change of 8 for a low-speed
run long after equilibrium was effectively achieved. Another
effect to be considered is that in very long runs the large
amount of data in the “‘tail’’ region of the curve dominates
the curve-fitting process. For this reason all data beyond
t = 15 hours were excluded. To compute theoretical 7
values, exactly as many points were taken for fitting as were
available for the experimental fits, and these points were
read off of the theoretical curves at the exact t coordinates of
the experimental points. Figure 9 shows one example of the
exponential decline fitting process.

Of course, the criterion for equivalent time dependence is
equality of optimized = values for experiment and theory.
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Figure 10 is a graph of the ratio of experimental to theoretical
, as a function of . Points of perfect agreement would have
a ratio equal to 1.

DiscussION

In evaluating the comparison of theory and experiment in
Figure 10, the first consideration is that the agreement
cannot be expected to be better than the original measured
K(p) and &) data. Of these, K(y) is especially vulnerable to
error because it is used in the Richards’ equation solution as
a fitted empirical formula, necessarily entailing discrepan-
cies from the measurements. The graph of the fitted curve
and measured data in Figure 1 shows two additional dashed
curves, positioned so that they bracket all the data points.
These curves may be represented by multiplying the best fit
curve by factors of 1.6 and 0.64. Thus the use of the best fit
empirical curve, rather than true data, might easily produce
errors of as much as a factor of 1.6. Other sources of
quantifiable uncertainty include the 8% measurement error
of the K data points, the accuracy of the 7 determinations
(=15% or better for 95% confidence intervals), errors and
fluctuations in centrifuge speed (influencing by 5% or less),
and errors in the &) measurements that lead to about +25%
errors in d6/dy. The combination of these errors suggests
that the agreement should be within a factor of about 2 if
Richards’ equation, the assumptions concerning conditions
within the experiment, and the equivalence of the samples
used in the different measurements all are valid.

The results in Figure 10 suggest the following generaliza-
tions to be explored further. (1) Agreement between exper-
iment and theory at the lower @ values is as good as could be
expected. (2) Most of the experimental measurements indi-
cate a faster changing 6 than theory predicts. (3) The degree
of agreement appears to be 6 dependent, decreasing in
wetter soil. (4) The upper electrode set indicates a greater
tendency than the other electrodes for experiment to be
faster than theory. (5) The data from low-speed segments
with anomalous behavior (open symbols) also show experi-
ment to be faster than theory.

The agreement at 0 values less than about 0.095, for nearly
half of the data, is well within experimental error. On the
other hand, the pronounced tendency for 7., to be less than
., suggests a systematic physical effect which has not been
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taken account of. This might indicate a fundamental inade.
quacy of (4), but it might instead reflect experimental prob.
lems which cannot be quantitatively assessed as contriby.
tions to measurement uncertainty. Perhaps the mog
significant effect of this type results from the fact that ois ngt
really measured at a point, but over a small region of the
sample in which 8 is not perfectly uniform. During a ¢
measurement, electrical current flows preferentially throngh
wetter portions within the region of influence, thereby skew-
ing the measurement toward greater 6 and faster change,
Another possibility is a difference in K() or &) character-
istics between the samples used in the steady state measure-
ments and in the Richards’ equation test. Although care was
taken to produce equivalent samples, the unsaturated char-
acteristics are so sensitive to treatment that factor of 2
discrepancies, while not expected, are possible. A third
problem to consider is unknown variations in the effective
impedance of the outflow plate. In particular, the overall
effective impedance might be less than was measured if the
amount of bypass leakage changes. However, the greater
vulnerability to this type of error is not for the observed case
but for its inversion, in which a great outflow impedance
causes 7., to exceed Ty,.

The ¢ dependence of the time-constant ratio shows up in
that where 0is greater than 0.095, most of the ratios are less
than 0.5. The nonquantified systematic effects described
above could account for this fact if they are 6-dependent
themselves. Effects of imperfect spatial resolution are likely
to be greater in wetter soil because of the greater variation in
0 within the sample. In the case of characteristic discrepan-
cies between samples, any moisture region could be af-
fected, so to have different K values in wet but not dry soil
is certainly possible.

For the top electrodes to indicate a greater discrepancy
from theory is not surprising when the overall trend is for
experiment to be faster than theory. If the region influencing
the top electrode set is considered to have a boundary at,
say, the center of the column, and if &(¢) at that boundary is
changing faster during the experiment than is computed in
solving (4), this gives an added influence for faster change to
the upper, but not the lower, regions of the column.

The anomalous low-speed behavior may result from one
or more of the possible but not quantifiable effects discussed
above. If there is a problem in knowing the exact effective
outflow impedance, it would be more important at low
speeds, where the wetter soil has an impedance more nearly
equal to that of the outflow plate. Evidence for such an effect
appears in the low-speed segment of Figure 7a, where the
lower electrode set shows an essentially linear decline for
about the first 300 s. Additionally, the considerations apply-
ing to the upper electrode set are important. They may relate
directly to one of the low speed anomalies, namely, the
tendency for the three electrode sets to indicate nearly the
same rate of change. The upper column effects contribute
along with any other mechanisms that may be making these
data change faster than predicted. In Figure 10 the upper
electrode set accounts for four of the eight open symbol
points, including the three lowest values of 7e/7i-

CONCLUSIONS

Of the 17 points in Figure 10, considering first thqse that
have 6 less than 0.095 and show no low-speed anomalies, the
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greatest deviation from theory is about 28%, well within
experimental error. Considering the whole data set, the
greatest deviation from theory is a factor of about 4. While
this is twice the factor of 2 discrepancy that quantifiable
experimental error could account for, it is not so great that
the nonquantifiable effects discussed above could not have
caused it. This deviation also is small compared to the
degree of error common in measurements at X and ¢ values
as low as those of this study. Thus there is no strong
evidence for violations of unsaturated flow theory. The
results overall indicate that Richards’ equation is valid for
the conditions tested. Steady state measurements thus may
reasonably predict transient effects, at least when the re-
quired accuracy is comparable to that of this test. Because
the use of centrifugal force is an extreme case, compared
with gravity, and there is no reason to expect this greater
force to enhance, rather than degrade, conformance with
Richards’ equation, this conclusion may be taken to apply to
gravity-driven as well as centrifuge-driven flow. It supports
the validity of Richards’ equation at unusually low K values,
of the order of 10710 my/s.

Summarizing important results of this study, it is clear first
that the four-electrode curved square configuration permits
measurement of electrical conductivity within a small por-
tion of a cylindrical sample. The o measurements can be
calibrated, using a centrifugal field, for conversion to indi-
cations of 6. Richards’ equation has been confirmed for
relatively dry conditions, about one third of saturation,
where high-quality steady state K-6-y data are available.
Finally, a centrifugal field, at least up to about 200 g, does
not invalidate generally accepted unsaturated flow theory.

NoTaTION

fitted parameters of empirical formula for o(8).
specific water capacity dg/dy.
empirical parameters relating o and 7.
empirical parameters relating w and x.
acceleration (or force per unit mass) of gravity,
index of space increments.
hydraulic conductivity.
height of sample.
index of time increments.
distance from center of rotation.
value of r at free water surface.
electrical resistance.
flux density.
time.
temperature.
T, mean temperature over time.
w  weighting function for electrode sensitivity.
x distance from center of electrode configuration.
z vertical space coordinate.
6 water content.
6; 6at the beginning of a data segment.
8 6 at the end of a data segment.
9 mean of 6; and 6.
¥ matric potential.
®, total potential in a centrifugal field.
®, total potential in a gravitational field.
p density of water.
o electrical conductivity of soil.
oy electrical conductivity of standard solution.
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0, electrical conductivity at the time-averaged
sample temperature.
o, electrical conductivity, uncorrected for
temperature variations.
T time constant of exponential decline.
o angular speed.
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